Abstract-For electrothermal microelectromechanical system position sensors, we introduce a novel analytical model that captures the nonuniform distribution of temperature as well as the nonlinear dependence of resistivity on temperature. The proposed model also captures the effects of contoured beam heaters and the nonuniformity of the air gap between the heatsink and the heaters, which varies with heat-sink position and is differentially transduced into the output voltage. The model accurately predicts the experimentally obtained I-V data and the corresponding sensor output. It also explains the considerable improvement achieved in the linearity of the sensor response when the beam profiles are appropriately shaped to yield a more uniform temperature distribution. The shaped sensor is compared with conventional uniform electrothermal sensors under two different operating conditions, voltage, and current bias modes. Improved linearity is observed in both cases. The model is also applicable to predict the dynamic response of the sensor. An iterative procedure is developed to solve the additional complexity in voltage mode, which is a nonlinear partial integro-differential equation. Considering different bias modes and heater profiles, we evaluate the sensor bandwidth and linearity using the model and conduct experiments to validate the results. Based on first principles, the proposed model is more transparent than sophisticated software-based approaches and compatible with traditional solvers in MATLAB.
Electrothermal displacement sensing was originally used in a silicon accelerometer [23] . Binnig et al. [1] used this concept in an atomic force microscope (AFM) cantilever. However, the electrothermal displacement sensing scheme in [1] suffers from nonlinearity and limited dynamic range [3] . The dynamic range, linearity, and drift of electrothermal sensors can significantly be improved by fabricating two resistors that operate differentially, as noted in [3] , [24] [25] [26] . In [19] , [27] , and [28] similar electrothermal position sensors were fabricated using a single-layer MEMS fabricarion process.
In [25] , electrothermal position sensors were analyzed using a system approach. The effect of nonuniform temperature distribution along the heaters was not considered in this analysis. This effect was considered for heaters with uniform width and dopant concentration using first principles in [29] and through a software-based lumped capacitance model in [19] . The nonuniform heat distribution causes the central area of the sensing resistor to reach temperatures much higher than the outer areas ([20, Fig. 8]) . By appropriately shaping the heater width profile for a more uniform temperature distribution, the sensitivity, noise, and linearity of the sensor can be improved [30] . An important step before fabrication is to predict the sensor response by reliable models capturing the various nonlinearities involved [31] . In contrast to commercial modeling software, first-principles-based models provide more transparent, flexible, and reliable tools for analysis, especially when the nonlinear phenomena are dominant.
In this paper we develop analytical models for electrothermal position sensors. The models include and explain a variety of nonlinear phenomena and predict the sensor output with high accuracy. The model is also used to assess the displacement sensor linearity. This measure is experimentally hard to characterize, especially for highly linear MEMS position sensors, due to interfering effects such as noise and limited resolution of micro-system analyzers and also nonlinearities in displacement source such as quadratic dependency of force on actuator voltage in comb drives [32] . The model can also predict the sensor response for much larger displacements than those achievable by limited stroke comb drives in [14] and [30] . Compared to the previously reported models, the proposed first-principles-based model incorporates the following nonlinear phenomena in the heat equation:
• Non-uniform distribution of the temperature.
• Nonlinear temperature profile of resistivity.
• Non-uniform beam width of the shaped heaters.
• Different cross sectional areas for thermal and electrical conductions to account for the non-uniform dopant depth profile.
• Nonuniform and position-dependent per-unit-length heat conduction to ambient due to the non-uniform proximity of the heat sink.
• Model complexities arising from biasing heaters with a voltage source rather than a current source, rendering a time-varying nonlinear partial differential heat equation into an integro-differential equation. In contrast to the first-principles approach in [29] , the proposed model considers the non-uniform distribution of electric power along the heater, enabling large signal analysis of the problem with a pre-specified heater current or voltage. Compared to the sophisticated software used in [19] , the proposed approach allows using conventional numerical solvers such as MATLAB with desired accuracy and flexibility.
The paper is organized as follows. In Sec. II, a static analysis of the electrothermal position sensor is proposed, considering the effects of both straight and shaped heaters on the sensitivity and linearity of the sensor in constant bias voltage. In Sec. III, we propose an approach based on a parabolic-elliptic partial differential-equation to solve the transient response of the sensor to a step change in heater current. If the heater is excited by a step voltage, the transient problem becomes a timevarying nonlinear partial integro-differential equation, which can be solved by the iterative method proposed in Sec. III-A. Sec. III-B demonstrates the experimental results confirming the proposed transient analyzes. In Sec. III-C, sensor responses to a step displacement change are considered in both constant voltage (CV) and constant current (CC) bias modes. Sec. IV evaluates the sensing bandwidth and linearity of the sensor by imposing pure sinusoidal excitation of the displacement for both straight and shaped heaters in both CC and CV bias modes. The validity of the proposed approaches are consistently examined by comparing the simulation results with the experimental data. Fig. 1 displays the SEM images of two fabricated differential electrothermal sensors using straight and shaped beams to measure the in-plane position of a heat-sink. Electrostatic actuators are used to move the heat-sink and comb drives connected to it are electrically grounded. This configuration and the structural separation of the heaters and the heatsink by air gaps minimize the crosstalk between the actuator and sensor. The schematic in Fig. 2 simultaneously shows two position sensors, each using a pair of identical heaters, one sensor with uniform beam width (straight) and the other one with nonuniform width (shaped), as described in [30] . To measure the displacement d of the heat-sink, which results in a variation in the individual heat conductances between the heaters and ambient in opposite directions, the resulting small difference between the resistances of the heaters is electronically amplified as the output voltage V o . The parameters of the beam width profile w(x), as defined in Fig. 2 , have the values reported in Table I , where x is the longitudinal beam position of the heater, x 0 is the position of maximum slope, and α is a scaling factor to determine the maximum slope. Parameters a and b are determined from minimum and maximum widths w 0 and w 1 as:
II. STATIC ANALYSIS
where L is the beam length.
To roughly estimate the temperature profile of resistivity, we first neglect the minor effect of the heat-sink on the heater resistance and use the following static boundary value problem reported in [30] to predict the I-V characteristic of the heaters.
Here, T (x) is the local temperature increase of the heater compared to the ambient temperature, ρ e ( T ) is the temperature dependent resistivity, A e (x) = (2μm) × w(x) is the local cross-sectional area through which electric current I flows,
is the local cross-section of the heater, G is the heat conductance to ambient from each end point of the heater connected to a pad, and K a (x) is the local per-unitlength thermal conductance of the heater to ambient, which in the absence of the heat-sink is described as [30] :
We started with G = 70 μW K and the bell-shaped temperature profile of resistivity in [30] , which is theoretically predicted for a uniform doping concentration [29] . The I-V characteristics of both straight and shaped heaters were predicted and compared with the experimental data. To lower the prediction errors for both heaters, the heat conductance G and the resistivity profile were then changed several times and the updated heat equations were solved each time. For the subsequent analysis, we opted G = 50 μW K and the resistivity profile shown in Fig. 3(a) , which is adequately approximated by a third order polynomial. This profile yields a reasonable match with the experimental data for both straight and shaped beams, as shown in Fig. 3(b) . Note that the bell-shaped resistivity profile in [30] cannot predict the experimental I-V data of both heaters, especially at high temperatures due to large variations in the dopant concentration along the heater's depth.
To consider the effect of the heat-sink, the per-unit-length thermal conductance K a between the heater and ambient environment is partially augmented based on the heat-sink displacement d, as illustrated in Fig. 4 , using the following additional term.
where the minus and plus signs before d correspond to the left and right heaters in Fig. 2 , respectively. Assuming the device was fabricated flawlessly, the resistances of the left and right heaters, denoted by R 1 (d) and R 2 (d), are equal when the displacement is zero. Hence, with an identical value of R f for the feedback resistances in Fig. 2 , the sensor generates a zero output voltage at zero displacement. This approximation allows us to predict the sensor output voltage as follows:
Fig . 5 shows the predicted sensor outputs when A v = 90, R f = 330 , and both sensors use similar circuits and bias voltages (6.1V) as in [30] . The close agreement of these results with experimental data, illustrated in Fig. 5 inset, further confirms the validity of the proposed model. As indicated by the variable δ in Fig. 5 , the static characteristics of the shaped sensor is about four times closer to a perfect linear response than the straight sensor. Since with an equal bias voltage the shaped sensor is warmer than the straight sensor, we also reduced the bias voltage of the shaped sensor to 5.24V so that its average temperature becomes equal to that of the straight sensor with 6.1V bias, as shown in Fig. 6 . Fig. 5 also includes simulation corresponding to this case, where a further improvement in linearity is achieved plus an increased sensitivity compared to the straight sensor.
Remark 1: In practice, exposure to air in room temperature and formation of a thin Silicon dioxide layer on the heater surface stop further thermal oxidation of the beam [34] , enabling the heater to tolerate the high temperatures predicted in Fig. 6 .
Remark 2: For thermal conductance G at the heater endpoints and the overall per-unit-length thermal conductance
, we opted simple forms with the parameters selected consistent with the experimental data. These profiles and parameters can hardly be determined based on first principles, as the analysis usually requires solving a heat equation in two or three dimensions and nonlinear approximation of shape factors [35] .
Remark 3: With the increase of heater temperature, the air gap between the heater and heat-sink may nonuniformly decrease due to thermal expansion of the beam and buckling. This effect can change the profile of the augmented per-unitlength heat conductance K a (x, d), to some extent. However, the reduction of gap is negligible for a heater with long legs, where their compliance prevents buckling of the sensing part [19] . For Silicon heaters with short legs, 2 microns width, and sensing lengths less than 100 microns, observations at very high temperatures also confirm a negligible gap reduction [20] , [30] .
Remark 4: In the fabricated sensors considered for experimental validations, profile of dopant concentration is not precisely available. However, during the fabrication, a lightly doped Silicon wafer with a minimum resistivity of 10 4 μ m is heavily doped through one hour annealing at 1050 • C in Argon with a phosphosilicate glass (PSG) layer deposited on the top surface [36] . This is an initial standard process to establish ohmic contact with Silicon for subsequent metal pads. Although, the thickness of device layer is 25 microns, we assume a narrow width of 2 microns for the heavily doped zone, which affected the electrical cross-section A e (x) of the heater. The 2-micron-depth is also consistent with the experimental dopant profiles reported in [37] . As shown in Fig. 3 (a) , the average predicted resistivity in the heavily doped zone is at least 300 times lower than that of the originally lightly doped wafer. Hence, it is mainly the heavily doped zone that determines the heater resistance.
III. TRANSIENT ANALYSIS
To model the sensor dynamics, we consider the heat equation governing a single heater reported in [30] , which can be rearranged in the form of a parabolic-elliptic partialdifferential-equation in one dimension as:
where functions C(x), F x,
where constants c = 712 J kg·K and ρ = 2329 kg m 3 refer to specific heat capacity and density of the heater material, respectively. We can also write the boundary conditions (3) in the following from:
where functions P ∓ ( T ) and Q ∓ are defined as:
Although the readout circuit in Fig. 2 corresponds to a voltage source applied to the heaters, it can be easily converted to an equivalent current source if the position of each heater is swapped with the corresponding feedback resistance, as shown in Fig. 7 . In this case, a similar differential sensing scheme requires fabricated heaters with no common pads. Assuming a known electric current I (t), accurate solution of the above distributed-parameter nonlinear dynamic equation can be obtained by standard solvers such as pdepe in MATLAB. For example, if the left shaped heater is excited at t = 0 by a constant current source of 19.87 mA, which generates a voltage of 5.24 V across the heater in steady-state, we obtain the temperature profiles shown in Fig. 8 during the transient. The time history of the heater resistance during this transient response, depicted in Fig. 9 , has a time constant of 0.22 msec, indicating a bandwidth of 727 Hz when exciting the shaped heater with a current source.
A. Voltage Driven Sensor
The problem is more complicated if exciting the heaters with a voltage source V bias , as depicted in Fig. 2 . In this case, the time history of the electric current I (t) is not known in advance but is related to the time-varying heater resistance 
R h (t) as:
This leads to a nonlinear partial integro-differential equation that cannot be numerically solved by a standard MATLAB solver. However, we were able to solve this problem using the same solver when the heater was driven by a step voltage of 5.24 V, through iterations. We started from the solution to a step current source of I 0 (t) = 19.87 mA for t > 0, whose initial and steady-state solutions are equal to those of the constant voltage source of 5.24 V and has the heater resistance profile shown in Fig. 9 (solid line), denoted by R h 0 (t) in the iteration. Assuming that the time histories of the heater resistance are the same in both problems, the current required to maintain the constant voltage of 5.24 V may be updated as
5.24V
R h 0 (t ) , which is not identically constant. Using this current profile, we may solve the transient problem by the method proposed in Sec. III and obtain an updated resistance time profile R h 1 (t) for the heater to update the current profile for the next iteration as
R h 1 (t ) . Although, iteratively updating the current in this way leads to a divergent solution, we found that selecting the updated current profile I i+1 (t) as a linear combination of
R h i (t ) and I i (t), i.e.:
where β is a constant, can lead to a convergent solution for the constant voltage problem. Results of only ten iterations, shown in Fig. 10 for β = 0.5, demonstrate a rapid convergence of the proposed algorithm to the constant voltage source problem. The resulting transient solutions for the constant voltage source problem, depicted in Figures 8 and 9 , indicate a time constant of 0.077 ms for the increase of the heater resistance. Hence the warm-up bandwidth of the heater when excited by a voltage source is about 2 kHz, which is almost 3 times faster than that of the current source excitation. . SEM images of the electrothermal position sensor with 50μm shaped heaters and no common pads [38] , [39] .
B. Experimental Results
To validate the above analysis we performed a number of experiments on a MEMS device with a pair of similar shaped heaters with no common pads. Fig. 11 shows the SEM images of the fabricated device [38] , [39] . This arrangement enables us to test validity of our analysis of the sensors when they are operated in the constant current mode. Fig. 12 demonstrates the experimental step responses of the sensor for both constant voltage and constant current modes, which have been normalized for comparison purposes. To ensure similar thermal conditions for the heaters in both modes, the bias voltage in the constant current mode was set to yield the same steadystate voltage across the heater as in the constant voltage mode. Note that the experimental results are qualitatively consistent with the simulations in Fig. 9 , confirming the validity of the model and more achievable sensor bandwidth by applying a constant bias voltage to the heater.
C. Response to Displacement Change
Assuming zero displacement, we have already simulated and experimentally tested the transient response of the heater Fig. 12 . Experimental step-responses of the sensor, when shaped heaters are biased by voltage and current sources. In each bias mode, the source was tuned to maintain 5 volts on the heaters so that heaters have almost the same temperature in both cases. Then, a small square wave signal was added to the source and its amplitude was tuned so that the heater voltage varies about 200mV peak-to-peak in each case.
to a step change in the electrical bias of the sensor. Although the limited mechanical bandwidth and actuation limits make it impossible to realize ideal step discontinuities in the displacement, the proposed simulation strategy can predict the sensor transient response to such changes, while including the nonlinearities. Fig. 13 , shows the response of the left 50μm-length shaped heater to a 10μm step change in the heat-sink position. In constant current and voltage modes, we maintain the heater current and voltage equal to 19.87 mA and 5.24 V, respectively. Both modes have identical temperature profiles as shown in Fig. 6 . This is due to their initial conditions that correspond to a zero displacement. As indicated earlier, it is more convenient to solve the time-varying heat equation (7) first in constant current mode with a nonzero displacement d = 10 μm, which affects the system through (5) and (10) . For the constant voltage mode, we start from the constant current mode solution and use the iterative method described in Sec. III-A. The voltage mode results presented in Fig. 13 correspond to the tenth iteration, where the updated current profile yields an almost constant voltage of 5.24 V on the heater during the transience. The settling times corresponding to the variations of the normalized heater resistances in Fig. 13(b) , which are caused by the step displacement, are almost similar to the response times in Fig. 10 obtained by step bias changes. These simulations further verify that the speed of position sensing can be measured through the bias voltage in electrothermal position sensors [3] , [30] .
The steady-state resistance changes resulting from the 10 micron displacement in the constant voltage and current modes, denoted by R max in Fig. 13(b) , are 0.828 and 2.424 , respectively, indicating a higher static sensitivity for the current mode. This result relatively agrees with the sensitivities reported in [19] for voltage and current modes and further validates the proposed first-principles-based modeling approach. 
IV. SENSING BANDWIDTH AND LINEARITY
Using the proposed model, we investigate the sensing bandwidth and linearity of the electrothermal sensor for both straight and shaped heaters under current and voltage bias modes. We impose an exact sinusoidal motion on the heat-sink displacement d(t), which affects the system through Eqs. (5) and (10), and solve for both heaters responses. Then, the sensor outputs in constant voltage and current modes are calculated by Eq. (6) and the following relationship, respectively:
where R i refers to the input resistances of the trans-impedance amplifiers in the constant current mode readout circuit, which are assumed identical. Note that driving the heat-sink position to follow an exact sinusoidal trajectory is almost impossible in practice due to actuation nonlinearity and sensing inaccuracies, justifying the model-based analysis. Before running each sine wave test, we apply a constant step displacement with the same amplitude of the intended sinusoid to find the constant factor that converts the output voltage to displacement. The conversion factor is then used to generate the displacement predicted by the sensor during the sine wave test. As in Sec. III-A, the constant voltage (CV) mode problem is iteratively solved using the solution of constant current (CC) mode problem. Fig. 14 shows the responses of the sensor with shaped heaters to step and sinusoidal displacements with 10 micron amplitudes.
To approximate the sensor bandwidth from the sinusoidal response, we assume a first-order linear low-pass filter for the sensor dynamics, which yields the following relationships for the cutoff frequency f c :
where f and A o refer to the frequency and amplitude of the sinusoidal displacement, A m is the amplitude measured by the sensor, and φ is the phase delay of the measured signal with respect to the actual displacement. Using Eq. (17) and the steady-state component of the 700 Hz sinusoidal responses in Fig. 14, the sensor with shaped heaters has bandwidths 862 Hz and 2380 Hz in CC and CV modes, respectively. Alternatively, we may estimate each bandwidth by the reciprocal time constant of the step response in Fig. 14 , which yields consistent results of 855 Hz and 2415 Hz for CC and CV modes, respectively. Fig. 15 shows the voltage and resistance values of the left shaped heater during the step and sinusoidal excitations of the displacement in both CC and CV bias modes. As in Fig. 13 (a) , the flat response of the heater voltage in Fig. 15 (a) confirms valid convergence of the iterative method in the constant voltage case. As the displacement is a pure sinusoid, we can solely assess the nonlinearity of the sensor by calculating the amplitudes of the higher-order harmonics in the Fourier series expansion of the steady-state sensor output. The amplitude of each harmonic is divided by the amplitude of the fundamental component in each Fourier series for comparison purposes. The results for the second and third harmonics are presented in Table II , where those associated with one heater resistance are also included. Note that the heater resistance profile, as shown in Fig. 15 (b) , has a very large DC term, which should be canceled for accurate computation of the fundamental component and its harmonics. Comparing the percentages associated with the sensor output V o (which is differentially obtained from both heaters) with those of a single heater resistance R 1 , it is revealed that the differential action significantly reduces the dominant nonlinearity that exists in the second harmonic of the heater resistance without a noticeable change in the third harmonic distortion. This observation, which agrees with the experimental results reported in [26] for the CV bias mode, further confirms the validity of the proposed first-principles-based model for differential electrothermal position sensors. The results presented so far in this section are associated with the shaped heater sensors. For the sake of completeness, we have also performed similar analysis, where straight heaters with parameter and bias values quoted in Sec. II are used in the sensor. Hence, as mentioned at the end of Sec. II, the straight heaters operate at almost the same temperature as the shaped heaters, in order to make a fair comparison. The responses of the sensor with straight heaters to 10-micron-amplitude step and sinusoidal displacements are shown Figures 16, 17 , and (18) , OR THE STEP RESPONSES the straight heater sensor is higher than the curved one, we increased the sine wave frequency to 2 kHz to accurately compute the phase delay between the displacement excitation and the sensor response. The resulting bandwidths in CC and CV modes, using Equations (17), (18) , or the step responses, are included in Table III , along with those reported before for the curved heater sensor, for comparison purposes. According to this analysis, when switching from shaped heaters to the straight ones, the sensor bandwidth is increases by a factor of 2.3. This theoretical result agrees well with the 2.5-fold bandwidth increase reported in [30] , when performing a similar switching in constant voltage mode, experimentally. The small difference can be due to the fact that here we apply different biases to maintain identical operating temperatures for the heaters, while in [30] identical voltages are applied to the heaters in both cases. As reported in Table III, A comparison between the harmonic distortions of the sensors using shaped and straight heaters reported in Tables II reveals that the sensor with shaped heaters has a more linear differential output than the sensor with straight heaters in both CC and CV modes. These linearity test results, which are obtained from dynamic analysis of the proposed model, are also consistent with the experimental dynamic tests reported in [30] to assess the sensor linearity. Furthermore, in contrast to the sensing bandwidth, the predicted sensor linearity is slightly improved when switching from constant voltage to constant current mode.
V. CONCLUSION
Static and dynamic analyzes of differential electrothermal position sensors were reported in this paper. Effects of nonlinearities such as nonuniform temperature profile, position dependent heat-sink proximity, heaters with contoured beam width, and nonlinear temperature dependency of resistivity were included in the analyzes. In both straight and shaped heater cases, the model predicts linear operation of the sensor over a large displacement range and agrees well with the quiescent experimental data. In comparison with uniform width (straight) heaters, the static analysis reveals improved linearity for the sensor using heaters that are shaped for more uniform temperature distribution. The dynamic analyzes were performed with both constant bias current and voltage applied to the heaters, where an iterative procedure was proposed to solve the nonlinear partial integro-differential equation in the bias voltage mode. Compared to the current mode, the model predicts a faster transient response for the sensor, when biased in voltage mode. This fact was experimentally confirmed to validate the model. We also used the model to predict the responses of the sensors to ideal step and sinusoidal variations in displacement, which are impossible tasks to realize. The sensor bandwidths predicted by the step excitation at displacement are consistent with those predicted by the step bias changes, justifying the conventional procedure of evaluating the sensing bandwidth by the bias source. The sinusoidal tests were alternatively used to measure the sensor linearity and bandwidth. Compared to a single heater resistance, the model shows significant improvement in linearity for the differential sensor output, which is consistent with the experiment. In contrast to the bandwidth, the linearity is improved when using the shaped heaters in the electrothermal sensor rather than the straight ones. These results, which were observed in both static and dynamic simulations, agree well with the experiments and further validate the model. Compared to a constant bias voltage, both the model and the experiment show that the sensor bandwidth is reduced when deriving heaters with a constant current while the sensitivity is increased. As seen in Table II , the model also predicts that the differential sensor output is more linear when biasing the heaters with a constant current rather than a constant voltage.
